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Abstract. In this work we investigate generalized kappa-deformed spaces. We 

-^ develop a systematic method for constructing realizations of noncommutative 

^^ ■ (NC) coordinates as formal power series in the Weyl algebra. All realizations 

i^ ■ are related by a group of similarity transformations, and to each realization we 

t . . associate a unique ordering prescription. Generalized derivatives, the Leibniz rule 

^~^, and coproduct, as well as the star-product are found in all realizations. The star- 

^^ I product and Drinfel'd twist operator are given in terms of the coproduct, and the 

^^ ' twist operator is derived explicitly in special realizations. The theory is applied 

to a Nappi-Witten type of NC space. 
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1. Introduction 

Recently there has been a growing interest in the formulation of physical theories 
K»- I on noncommutative (NC) spaces. The structures of such theories and their physical 
[^^ I consequences were studied in [l]-[7]. Classification of NC spaces and investigation of 

I5?f ! their properties, in particular the development of a unifying approach to a general- 
t;;}^ . ized theory suitable for physical applications, is an important problem. In order to 
r^ ■ make a contribution in this direction we analyze a Lie algebra type NC space which 
O ■ is a generalized version of the kappa-deformed space. 

Kappa-deformed spaces were studied by different groups, from both the mathe- 
rS I matical and physical point of view [8]- [33]. There is also an interesting connection 
between the kappa-deformed spaces and Doubly Special Relativity program [17j . 
|18j . In a kappa-deformed space the noncommutative coordinates satisfy Lie alge- 
bra type relations depending on a deformation parameter a G M". The parameter 
a is on a very small length scale and yields the undeformed space when ||a|| —>■ 0. 
Other types of NC spaces frequently studied in the literature are the canonical 
theta-deformed spaces where the corresponding commutation relations are given by 
a second rank antisymmetric tensor 6^u, see [3], [1] and references therein. 
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A simple unification of kappa and tlieta-deformed spaces was first used in tlie 
study of tlie Wess-Zumino-Witten model [HI]. Unification of tliese spaces was also 
the starting point in the algebraic study of the time-dependent NC geometry of a 
six dimensional Cahen-Wallach pp-wave string backgroud [33]- [3Z]- In this approach 
the unification is achieved by adding a central element to the NC coordinates whose 
commutation relations are parametrized by real-valued parameters a and 9 which 
are assumed to be equal. 

The motivation for the present work is twofold. First, we want to generalize the 
unified kappa and theta-deformed spaces to arbitrary dimensions, and for arbitrary 
values of the parameters a and 9. Second, we want to develop a unifying approach 
to constructing realizations of such spaces in terms of ordinary commutative co- 
ordinates x^ and derivatives 9^ which are convenient for physical applications. In 
the present work we assume that x^ are coordinates in a Euchdean space, but the 
analysis can be easily extended to Minkowski space. We shall be mainly concerned 
with the Nappi-Witten type of NC space which arises in the study of pp-wave string 
background [3^ . This space is made up of two copies of kappa-deformed space and 
one copy of theta-deformed space. Our analysis is based on the methods developed 
for algebras of deformed oscillators and the corresponding creation and annihila- 
tion operators [38]- [17]. The realization of a general Lie algebra type NC space in 
symmetric Weyl ordering was given in [l8]. 

The outline of the paper and the summary of the main results is as follows. In Sec. 
2 we introduce a generalized kappa-deformed space of Nappi-Witten type, NW^. We 
study realizations of the generators of NW^ as formal power series with coefficients 
in the Weyl algebra. We show that there exist an infinite family of such realizations 
parameterized by two functions y? and F . For special choices of (p and F we obtain 
three important realizations: the right, symmetric left-right, and Weyl realization. 
In Sec. 3 we construct a group of similarity transformations acting transitively on the 
realizations. Sec. 4 deals with ordering prescriptions for A^W4. We show that to each 
realization one can associate an ordering prescription, and we find the prescriptions 
explicitly in terms of the parameter functions ip and F. In our approach the right, 
symmetric left-right and Weyl realizations correspond to the time, symmetric time 
and Weyl orderings defined in [ST] , respectively. Thus the orderings found in [37] are 
only special cases of an infinite family of ordering prescriptions for NW4, constructed 
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here. Furthermore, the time and symmetric time orderings can be viewed as hmiting 
cases of an ordering prescription which interpolates between the two orderings. 

In Sec. 5 we consider the problem of extending the NC space NW4^ by generalized 
derivatives such that the extended space is a deformed Heisenberg algebra. We 
also define rotation operators on the extended space which generate the undeformed 
so(4) algebra. The generalized derivatives and rotation operators are found in all 
realizations of NW4^. Sec. 6 deals with Leibniz rule and coproduct for the deformed 
Heisenberg algebra introduced in Sec. 5. We find explicitly the coproduct depending 
on the parameter functions (p and F, and we give a relation between the coproducts 
in different realizations. Furthermore, star-products and Drinfel'd twist operators 
are considered in Sec. 7. A general formula for the star-product in terms of the 
coproduct is given, and an expression depending on ip and F is derived. Also, the 
corresponding twist operator is found explicitly for a wide class of realizations of 
NW4. Finally, we describe how the obtained results generalize to higher dimensions. 

2. Realizations of the Nappi-Witten space NW^ 

Let us consider a unification of the canonical theta-deformed NC space and a 
Lie algebra type NC space with generators Xi, X2, . . . , X„ and structure constansts 
Cfj,i^\. Throughout the paper capital letters will be used consistently to denote 
NC coordinates. In order to include the theta-deformation given by a constant 
anytisymmetric tensor 0^,^, we introduce a central element Xq such that 

(1) [x„ X,] = te,,Xo + 1 Y, c,,xXx. 

A 

The NC space defined by the commutation relations ([T]) is also of Lie algebra type 
provided all the Jacobi identitities are satisfied: 

a 

(•j) / ^ y-^iiVoPaX + ^vXoPcxp, + ^XpoPav) = 0- 

a 

When Qy,y ^ we obtain a Lie algebra type NC space with structure constants 
Cy^y\. Similarly, when C^y\ -^ the space reduces to the canonical theta-deformed 
space with the additional central element Xq. 
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As an example consider a NC space with coordinates X_|_, X_, Z^, Z^j^, /i = 1, . . . , n, 
satisfying the commutation relations 

(4) [X_,Z^] = -taZ^, 

(5) [X_,Z^]=iaZ^, 

(6) [Z^,Z,] = z2%,X+. 

Here X+ is the central element and a,6 eM.. We shall refer to the NC space defined 
by (!11)-(I6]) as the generalized Nappi-Witten space NW2n+2- In the special case when 
a = 9 and n = 2, this space was recently studied by Halliday and Szabo in [37] . 

Without loss of generality we may assume that n = 1 since all the results are 
easily extended to n > 1. Thus, we shall consider the NC space NW4 generated by 
X4., X_, Z and Z satisfying 

(7) [X^,Z] = -iaZ, 

(8) [X^,Z]=iaZ, 

(9) [Z,Z]=i2eX+. 

The space NW4 may be considered a generalized kappa-deformed space since ([9]) 
defines a theta-deformation while (ITj) and (E]) define two kappa-deformations. Since 
NWi is a Lie algebra, in future reference it will be denoted g. 

For notational ease let X = {X^, X„, Z, Z), and let x = (x+, x_, z, z) be the ordi- 
nary commutative coordinates with the corresponding derivatives d = (9+, d^, dz, d^)- 
We seek a realization of the generators of g as formal power series with coefficients 
in the Weyl algebra A^ generated by x and d. Let us consider realizations of the 
form 



(10) X^ = ^X„0„^(9), 0a^(O) = 5, 



aii-i 



that are linear in x and (pai^id) is a formal power series in d. We assume that there 
exists a dual relation 



;ii) x^ = 5^x,<i>,^(5), <i'„^(o) = 5, 



afj.1 



where $o^(9) is also a formal power series in d. A realization characterized by the 
functions (p^^, will be called a 0-realization. The generators of q belong to A^, the 
formal completion of A4. One may also consider realizations in which Xa is placed 
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to the right of (f)a^i{d), or any hnear combination of the two types. This is convenient 
when one requires Hermitian reahzations. Indeed, let f : A4 —>■ A4 be the Hermitian 
operator defined by xj^ = x^, dj^ = —d^ and {x^duY = —dyX^. If ( ITOl) is a realization, 
then 

(12) ^^ = 2 5^ f2;„0a^(9) + 0a/.(-5) Xc 

a 

is a Hermitian realization since X^ = X^. Although such realizations are interesing 
in their own right, in this paper we shall restrict our attention to realizations of the 
type m- 

Let us assume the Ansatz 

(13) X+ = a;+, 

(14) X_ = x^ + ia[z d^,-i{A) - z d^-i{-A)\ + aex+d^d^,i){A), 

(15) Z = z<^{-A)+iex+d^,r]{-A), 

(16) Z = z^{A)-iex+d,r]{A), 

where A = iad^, and the functions ip,ri,'j and ip satisfy the boundary conditions 
(p{0) = 1 and 7(0), ip{0) finite. The Ansatz (iT3l) - (iT6l) is of a fairly general na- 
ture leading to a number of interesting realizations discussed below. The boundary 
conditions ensure that in the limit a,6 ^ the NC coordinates X^ become the 
commutative coordinates x^. 

Let us analyze the realization (IT^ - flTB|) . Define o": g — >^ g to be the antilinear 
map given by cr{X±) = Xj-, cr[Z) = Z, and o"(Z) = Z which also preserves the Lie 
bracket, cr([X^,Xi^]) = [cr(X^), o-(Xj,)]. Then a acts as a formal conjugation, and 
0"^ = id. The action of a on the generators of A4 is defined in the obvious way: 
a{x±) = x±, (t{z) = z, (t{z) = z and cr(<9-|-) = d±, <7{dz) = d^, cr{dz) = d^, and 
a{Xfj,di,) = a{x^)(r{du). The condition cr{X) = X_ holds if and only if ip is an even 
function, as seen from Eq. flT^ . The commutation relations ([7])-® imply that the 
functions ip, rj, 7 and ip are constrained by the system of equations 

(-' ^<^^-^-' 

(18) y,{AU-A) + y,{-AUA) = 2, 

(19) v'{A) - li-AUA) - ^{AMA) + r^{A) = 0, 
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where the prime denotes the differentiation with respect to A. It is convenient to 
introduce the auxihary function 

(20) F{A) = ^i-AUA) - 1. 

Then Eq. flTSj) imphes that F is odd and, furthermore, F = if and only ii ip = 0. 
For a given choice of (p and F one can uniquely determine the remaining func- 
tions rj, 7 and ip. Therefore, the Lie algebra g admits infinitely many realizations 
parameterized by if and F satisfying (p{0) = 1 and F{0) = 0. 

Now we turn our attention to special realizations of g: the right realization, 
symmetric left-right and Weyl realization. As noted in the introduction to every 
realization one can associate an ordering prescription on the universal enveloping 
algebra U{q). The aforementioned realizations correspond to the time ordering, 
symmetric time ordering and Weyl symmetric ordering discussed in [37] , respectively. 

2.1. Special realizations. 

2.1.1. Special realization 7 = 70- This subsection deals with the realization (IT3l) -( TT6ll 
when 7 is a constant function, 7 = 70, and F = 0. For this choice of the parameters 
Eqs. ([I7D-(I20D imply that (p{A) = r]{A) = exp((7o - 1)A) and ^{A) = 0. Hence, the 

7 = 7o realization is given by 

(21) X+ = x+, 

(22) X_=x. + ia^o{zd,-zd,), 

(23) Z = {z + iex+ d,) e-(^"-i)^, 

(24) Z = {z-tex+d,)e'^^'"-^^'^. 

Of particular interest are the realizations with 70 = 1, 70 = 1/2 and 70 = 0: 
Right realization: 70 = 1 

(25) X+ = x+, 

(26) X_ = x_ + ia{zd2 — zdz), 

(27) Z = z + i9x+ ds, 

(28) Z = z-i9x+d,. 
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Symmetric left-right realization: 70 = 1/2 



(29) X+=x+, 

J- ( ^f)- — ■y/^ 



in 

(30) X_ = x_ + ^{zd, - zd. 



2 

(31) Z = {z + iex+dz)e^^^, 

(32) Z = {z-i9x+d,)e~-^'^. 
Left realization: 70 = 

(33) X+ = x+, 

(34) X_ = x_, 

(35) Z = {z + idx+di) e^, 



(36) Z = {z- iOx+d,) e 



These realizations will be considered later in more detail when we establish a con- 
nection between realizations and ordering prescriptions. 

2.1.2. Weyl Realization. The Ansatz ( IT3l) -( IT6l) also includes the so-called Weyl re- 
alization of g which corresponds to the symmetric Weyl ordering on U{^%). In this 
ordering all monomials in the basis of f/(0) are completely symmetrized over all 
generators of g. 

To this end we recall the following general result proved in [48]. Consider a 
Lie algebra over C with generators Xi,X2,...,X„ and structure constants C^v\ 
satisfying 

n 

(37) [X/x;Xi/] =0 ^C^^yaXg. 

a=\ 

The Lie algebra (!37|) can be given a universal realization in terms of the commutative 
coordinates x^ and derivatives (9^, 1 < yU < n, as follows. Let B = [B^y] denote the 
n X n matrix of differential operators with elements 

n 

(38) B^u = I y ^ Cav^Oa, 

a=l 
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and let p{B) = B/{exp{B) — l) be the generating function for the Bernoulh numbers. 
Then, one can show that the generators of the Lie algebra ( 1371) admit the realization 



(39) 



^A* = y^,XaP{B)a^. 



a=l 



This is called the Weyl realization since it gives rise to the symmetric Weyl ordering 
on the enveloping algebra of (|37j) . 

We shall use the result flH^ in order to obtain the Weyl realization of the Lie 
algebra q. Recall that the generators of g are arranged as X = (X+,X_, Z, Z); 
hence the structure constants C^j^a can be gleamed off from Eqs. ([T])-®- Then Eq. 
yields 



(40) 



B 



/o 



I 

V 



-i2ed2 i2ed,\ 



iadz —iad^ 

— ia dz iad- j 



The explicit form of the matrix "piB^ can be found from the identity 

(41) v{B) = 

One can show by induction that -B^" = A'^"'~'^B'^, n > 1, where A = iad-, and 



B B ^ fB 

1 coth — 

2 2 V2 



(42) 



B' 



/o AaOdzdz i2edz A i2edzA\ 



-iadz A A^ 

-iad. A A^ 



Expanding Eq. fj^Tl) into Taylor series and collecting the terms with even powers of 
A we obtain 



(43) 

where we have defined 



p{B) 



B 



h{A)B^ 



(44) ft(^) = i_(|»th(^ 
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Now Eqs. (I12D and (^ yield 
(45) 

fl Aaed,dsh{A) iO d^ {1 + 2Ah{A)) -iO d, {1 - 2Ah{A))\ 
1 

-fd,il + 2Ah{A)) l + ^{l + 2Ah{A)) 

\0 f d, {1 - 2Ah{A)) 1 - ^{1 - 2Ah{A)) J 



p{B) 



Substituting Eq. (Hoi) into Eq. fl39|l and simplifying, we obtain the Weyl realization 



(46) 
(47) 

(48) 

(49) 

(50) 



X+ = x+, 
X_ = X- + ia 



zdz 
2 



1 1 

1 - e^ ^ I 



zdy. 



+ a9x+ dzd^— ( cotli ( 



Z = z- 



A 



1-e- 



Z = -Z' 



A 



\-e' 



A 



+ iQx+ di 



— idx^ d 



\2J Aj' 

2 2\ 

l-e-^'Aj' 
2 2 

1-e^^A 



1 
A 



It is readily seen that the above realization is a special case of the original Ansatz 
([T3D-([T6D where 



(51) 

(52) 

(53) 
(54) 

(55) 



¥^s{A) 



A 



oA_i 



,.(^).i(,oth(^)-i) 

, A^ ^ 1 

ins{A) = 27,(A), 



Fs{A) 



A 



+ 



e^ + 1 



1 - cosh (A) e^ - 1 



As required, these functions can be shown to satisfy the compatibility conditions 

(HTD-dll. 
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3. Similarity transformations 

In this section we discuss similarity transformations which connect different real- 
izations 

n 

(56) X^ = ^a;«0a^((9), 0a^(O) = (5„^. 

a=l 

The transformations act in a covariant way in the sense that the transformed re- 
alization is of the same type. These transformations can be used to generate new 
realizations of q and new ordering prescriptions on U{q). They also relate the star- 
products and coproducts in different realizations, as discussed in Sees. 6 and 7. 

Let An denote the Weyl algebra generated by x^ and d^, 1 < fi < n. Consider a 
differential operator S of the form 

(57) 5 = exp (5^x^=1^,(9) 

a 

where Aa{d) is a formal power series oid = {81,82, ■■■ , 8n). We assume that Aa{0) = 
0. Since the commutator of any two elements of the form ^^a;o^a(<9) is again of 
the same form, it follows from the Baker- Campbell-Hausdorff (BCH) formula that 
the family of operators S* is a group under multiplication, with identity S = 1 when 
Aa = for all a. To each operator S we associate a similarity transformation 
Ts'. An -^ An, Ts{u) = SuS^^. The transformations Ts form a subgroup of the 
group of inner automorphisms of An- 

Let us examine the action of Ts on the generators of An- If we denote P = 
Y.a^aAa{8), then 

(58) Ts{Xf,) = exp (ad(P)) x^- 
By induction one can show that 

n 

(59) a.d\P)x, = J2^o.RL%d), k>l, 

where the functions Rail are defined recursively by 
(60) 




(61) <^(^) = >^I^<"' + ^^^1' ^^2. 
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Hence, we obtain 

n 

(62) Ts{x^) = Y,^o.^o.M 
where 

(63) ^«.(5)=E^<^(^) + '^"^- 
Similarly, the transformation of 9^ yields 



(64) Ts{d,) = d, + Y^ ^ Q'-\A,{d)) 

k=l 

where the operator Q is defined by 

d 



(65) Q = Y,Md) 



dda 



a=l 

We note that the transformation of d^ is given only in terms oi 81,82, ■■■ , 8n, which 
write symbolically as 

(66) Ts{8,) = A,{8). 

The inverse transformations of x^ and 9^ are of the same type, 

n 

(67) Ts\x,) = J2xJ^,{8), Ts\8,) = A,{8). 

a=l 

The functions \1'q,^ and A^ are related through the commutation relations for 9^ and 
x^. Substituting Eqs. (lU^ and flMj) into the commutator [Ts{8^),Ts{x^)] = 6^^ we 
find 

n 

, 88^ 

Define the vector A = (Ai, A2, . . . , A„) and matrix \E' = [^/^i/]. Then Eq. ( I68l) implies 
that 

(-) §-*- 

where 

(70) ^ = f^l 

^ ' 88 188^1 

is the Jacobian of A. 



" 8\ 
(68) E§'^- = V 
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To prove the covariance of the reahzation (13U|) under the action of Tg consider 

n 

(71) T,\X,) = Y,Ts\x^)ct>a,{Ts\d)). 

Q = l 



Using Eq. (I67j) the above expression becomes 

n 

(72) Ts\X,) = Y,^p^p,{d) 
where 

n 

(73) 0^^(9) = Y,^p^{d)ct>^,{l{d)). 

a=l 

Let us introduce the new variables y^ = Ts{x^) and 9^ = Ts{d^) (which also generate 
the Weyl algebra An). Then Eq. ([721) yields 

n 

(74) X^ = 5^1/^0^^(9^), 

/3=1 

proving that the realization (1561) is covariant under the change of variables x^ i— »• 
Sx^S~^ and (9^ i— > Sd^S~^. Thus, the similarity transformation T5 maps the 0- 
realization ( 156|) to 0-realization ( 1741) . 

As an example, consider the right realization (l25l) - (!28l) . It can be shown that the 
operator 5* mapping the right realization to the general Ansatz flT^ - flTUl) (parame- 
terized by if and F) is given by 

(75) S = exp (zd, In^(-A) + zd, In y (A) + zOx+dA F{A) ^^" ^^f]f ^7^,\ 

V 1 - <^(^)<^(-^) 

Direct calculation yields 

(76) ^-^^)-^- + ^^^^^^-^(^^' 

(77) A_(9) = a_, 

(78) A,(9) = 9, ^ 

(79) Ud) = d, ,,y 

Now, the functions '^^i,{d) can be calculated from Eq. (l69ll . The group of transfor- 
mations T5 acts transitively since any two realizations are related by Ts^T^^ where 
Tg- maps the right realization to the (v?i, -Fj)-realization. 



^{-AY 
1 
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4. Generalized orderings 

When considering the NC space NWq only three ordering prescriptions have been 
used in [37] for the construction of the corresponding star-products: time ordering, 
symmetric time ordering and symmetric Weyl ordering. The time ordering is defined 
by 

/•gg-v . gifcX gi{fc^Z+fc^Z) ^ik-X- ^ik+X+ 

where we have denoted k = {k+,k_,kz,kz) G W^ and kX is the Euchdean space 
scalar product kX = fc+X_|_ + k_X_ + k^Z + k2Z. Since X_|_ is the central element 
the position of 6*^^+"^+ is irrelevant. Here we consider only the Euclidean space, 
but the theory can be easily generalized to spaces with other signatures, e.g. the 
Minkowski space. The symmetric time and symmetric Weyl orderings are defined 
by 

(^81) . f,ikX .^^^ gjifc_X_ ^i{k,Z+k,Z) giifc_X_ ^ik+X+ 

and 

/g2\ . ^ikX . _ ^i{k+X++k^X^+k^Z+k^Z) 

respectively. We note that the orderings are determined by the position of X_ in 
the monomial basis of U{g). For illustration, the monomials of order three (modulo 
X_|_) in the time ordering are 

x!, z^, F, z^x_, z^x_, zx!, zx!, -{zz + zz)x^, 

(83) 2 
-{Z^Z + ZZZ + ZZ^), -{ZZ^ + ZZZ + Z^Z). 

The corresponding monomials in the symmetric time ordering and symmetric Weyl 
ordering are given by 

x!, z^ z^ -{z^x^ + x_z2), -{z^x^ + x^z^), -{zx^_ + x!z), 

(84) -{ZX^ + X^Z), -{Z^Z + ZZZ + ZZ^), -{ZZ^ + ZZZ + Z^Z), 
j{ZZX. +X^ZZ + ZZX^ + X.ZZ), 
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and 

x!, z^, z^, -{x^z + x_zx_ + zx!), i(x!z + x_zx_ + zx^_), 

(85) -(z^z + zzz + zz'^), -{z^z + zzz + zz^), \x^z'^ + ZX.Z + Z'^XS), 

-(X^Z^ + ZX.Z + ZX\, -iX^ZZ + c2/c/^c perm.), 
3 6 

respectively. In future reference the time ordering and symmetric time ordering 
will be called the right ordering and symmetric left-right ordering, respectively, as 
implied by the position of X_ in the monomial basis. 

In this section we show that to each realization ( TT3l) -( TT6l) of the generators of one 
can associate an ordering prescription on U{q). This leads to an infinite family of 
ordering prescriptions parameterized by the functions (p and F . In our approach the 
orderings used in [37] appear as special cases corresponding to the right, symmetric 
left-right and Weyl realization found in Sec. 2. 

Let us begin by defining the "vacuum" state 

(86) |0) = 1, 9^0) = 0. 

Let X'jl denote the generator X^ in 0-realization (156|) . and let X^ denote the Weyl 
realization of X^. It has been shown in [25] and [27] that for kappa-deformed spaces 
a simple relation holds, 

(87) e^'^^nO) = e^'=^ keMJ". 

Eq. (1871) can be generalized to any ^-realization by requiring 

(88) giK(fc)x^|Q^_gifcx 

for some function K:W^-^ R". Let Ts be the similarity transformation mapping 
the 0-realization (13U|) to the symmetric Weyl realization 



^9) x; = Y,yc.K,{dy) 



where the variables y^ and d^ are given by Eqs. (1621) and (1661) . In this realization 
we have 

(90) ^^Kik)X^^Q^^^^Kik)y^ 
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hence e'^^^^y = e^*=^. Since df^ = A^,{^), it follows that d^e'^^^^y = A^{d)e'^'' which 
implies 

(91) K^(k) = -tA^itk), 1 < /i < n. 

Thus, Kfj_ is completely determined by the similarity transformation Ts mapping 
the ^-realization to the Weyl realization. 

For each (^-realization we define the 0-ordering by 

(92) : e'"'' :<^= e^^(^)^ 

where K is given by Eq. ( 19T]) . If X is represented in 0-realization, then 

(93) : e'''^ :^ |0) = e^*=^ 

The above expression gives a simple relation between a 0-realization and 0-ordering. 
The monomial basis for U{q) in 0-ordering can be explicitly derived from Eq. (1921) . 
Let m = {mi) be a multi-index with irti G Nq, and let 



(94) 



d\^ d^ 



dk) dk"^^ ...dkj^-' 
A basis element of order |m| is given by 



(95) P™(X)=(-z^V.^^W^ 



A:=0 



Since -ft'(O) = 0, Pm{X) is a polynomial of degree \m\. In the Weyl realization when 
K{k) = k, Eq. 1^^ leads to the Weyl ordering whereby the polynomials Pm{X) are 
completely symmetrized over the generators of g. 

Let us illustrate the above ideas by computing an ordering prescription for the 
NC space NW4. For a general realization parameterized by (p and F we have 

(^95) ■.e'''^:, ^ i{K+ik)x++K-(k)X-+K.{k)z+K,(k)z)_ 
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One can use Eqs. (!7B|) - (!7^ to find the similarity transformation mapping the (y?, F)- 
reahzation to Weyl reahzation. Then, Eq. ( pTl) yields 

(97) K4k) = K - OKk, ^'^'f-l-ff-V ' 

(p[—aK-)(p[ak^) 

(98) K4k) = k_, 



ifs{-ak. 



(99) K,{k) = k, 

(100) K-M ^ k, ^^_^^_^ , 

where ips and Fs are the parameter functions defined by Eqs. fl^T]) and (13^ . Thus, 
Eqs. (I96 l) - (I100| define an infinite family of orderings on U{q) depending on the 
parameter functions (j) and F . 

Of particular interest is the realization 7 = 70, in which case 

(101) (/?(aA;_) =exp((7o- l)aA;_), F(aA;_) = 0. 
In this realization the function K becomes 

(102) K{k) = (k+ + ek,k,Fs{-ak_), k_, k, ^fl^, k, 'P'^-''''- 



(p{ak-) (p(—ak^) 

It can be shown that the ordering induced by this realization can be written in 
exponential form as 

(103) gi(l-7o)fc-^- ^i{k,Z+k,Z) ^i-tok-X. ^ ^*(fc_X_+fc, -^-^-yZ+k, -^—j-yZ) 

where the central element X+ has been left out. The above ordering has three in- 
teresting cases: the right ordering for 70 = 1, left ordering for 70 = and symmetric 
left-right ordering for 70 = 1/2. Therefore, Eq. (11031) may be interpreted as an 
interpolation between the left and right ordering. A comparison with Eqs. (I80l) - (l81j) 
shows that the right and symmetric left-right orderings are precisely the time and 
symmetric time orderings constructed in 



5. Generalized derivatives 

This section is devoted to extensions of the Lie algebra q defined by (I7])-([ni) by 
addition of generalized derivatives. The motivation for considering such extensions is 
to extend the deformation of the commutative space to the entire phase space. For a 
general Lie algebra type NC space a detailed treatment of the generalized derivatives 
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may be found in [lU]. Here we consider extensions of g such that the generahzed 
derivatives and the Lie algebra g are complementary subalgebras of a deformed 
Heisenberg algebra f). A natural way to define i) is as follows. If the generators of 
Q are given by 0-realization (TTUj) . we define the generalized derivative D^ by setting 
D^ = dfj,. Then the commutation relations yield [D^,D^] = and [Dfj_,X^] = 
<PiJ.v{D). Furthermore, the Jacobi identitites are satisfied for all combinations of the 
generators X^ and Dy. In the limit as a, 6' ^ we have [-D^, Xy\ = 6^^, hence f) is a 
deformed Heisenberg algebra. Obviously, there are infinitely many such extensions 
depending on the realization 0. In our case the simplest extension is obtained in 
the right realization (!25!) - (!28ll when 0^,^ are linear in £)^. Then P) is a Lie algebra 
defined by the commutation relations (I7j)-(l9l) and 



(104) 


[D+,X+ 


= 1, 


'D+,Z] = ieDz, 


(105) 


[D+,X_ 


= 0, 


\D+,Z] = -iOD 


(106) 


p_,x+ 


= 0, 


D_,Z] = 0, 


(107) 


X)_,X_ 


= 1, 


[D-,Z] =0, 


(108) 


[D.,X+ 


= 0, 


[D.,Z] = 1, 


(109) 


D,,X^ 


= —iaDz, 


[Dz,Z]=0, 


(110) 


[D,,X+ 


= 0, 


[D2, Z] = 0, 


(111) 


[D„X_ 


= iaDz, 


[D,,Z] = 1. 



This algebra agrees with the deformed Heisenberg algebra discussed in pTj. We note 
that if any other realization is used for the construction of f), then 1) will not be of 
Lie type since (f)^y{D) is generally a formal power series in D^. 

Now let us fix the algebra 1) as above. We seek realizations of f) when the NC 
coordinates X^ are given by the general Ansatz (iT3l) -( fT6l) . Accordingly, we no loger 



have D^ = d^ since the realizations of D^ must be modified in order to satisfy the 



commutators (I104p - Olllj) . First, we consider the derivatives D^ and D^. Assume 
that Dz = dz G{A) where G{A) is a formal power series in A satisfying the boundary 
condition G{0) = 1. The boundary condition ensures that Dz ^ dz a.s a ^ 0. Using 
Eqs. (TT^ and (TT7|) one can show that [Dz,X_] = —iaDz if and only if 



(112) 



G'jA) _ v\-A) 
GiA) ^(-A) • 
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The unique solution of this equation satisfying G{0) = 1 is given by G{A) 
l/(p{—A). Hence, 

(113) D, = d, 



cfi-AY 

One can verify that if Dz is given by Eq. f lllSp . then the remaining commutators 
with Dz are automatically satisfied. A similar argument yields 

(114) ^^- = *^- 

Next we consider D^. The relation [D^, X_|_] = 1 implies that 

(115) D+ = d+ + H{d.,dz,d,) 

for some function H. Substituting Eqs. (IT^ and (11151) into the commutator 
[D+,X_] = we obtain 

f)J-f f)J-f f)M 

(116) a9dzd-zij{A) + j^ + ia—-d-zj{A) - ia—-dzi{-A) = 0. 

oo^ adz oOz 

Similarly, the commutator [D^, Z] = iOD^ yields 

(117) ^e^-zy^{-A) + ^^V{-A) = tOd-z ^^. 

The structure of Eq. f lll6p suggests that H is of the form H = dzd^ Hq{A). Inserting 
this expression into Eq. flll7p we obtain 

(118) ier]{-A)^{A) + Ho{A)^{A)^{-A) = iO. 

Eqs. flTTSl) and ([20]) imply that Ho{A)ip{A)ip{-A) = ieF{A), which yields 

One can verify that the above expression for H is consistent with Eq. (I116p . There- 
fore, D+ is given by 

(120) B^ = a^ + ,,9^a,_^. 

As required, the remaining commutator [Dj^, Z] = —iODz is automatically satisfied. 
Finally, we observe that the relations fll06p and (11071) trivially hold if we define 
D_ = (?_, hence D_ is the same in all realizations. 



D+ 


= 5+ 


- + iOd^ d-. 


F{A) 

ifiA'M- 


■A) 


D_ ■- 


= d. 


■ •) 






D, ■■ 


= d. 


1 






D, 


= d. 


1 
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For future reference we collect the realizations of -D^ obtained here: 

(121) 
(122) 
(123) 

(124) 

Comparing the expressions for D^ with Eqs. (176l) - (!79l) we conclude that the gener- 
alized derivatives are given by the similarity transformation D^ = Sd^S~^ where S 
is defined by Eq. (!75|) . We note that for (f{A) = 1 and F{A) = (right realization) 
we obtain D^ = d^, as required. 

The Lie algebra f) can be extended further by adding the rotation generators M^^, 
which form the ordinary rotation algebra so(4). The rotation generators are defined 
by M^j, = Xfj,du — Xud^, and satisfy 

(125) M^, = -M,^, 

(126) [M^,, Mxp] = 6,xM^p - 6^xM,, - 6,pM^x + S^pM.x- 

Suppose that X^ is represented in the right realization (I25l)-(l28l). and let D^ = d^. 
By solving Eqs. (I25p - (!2H|) for x^ the rotation generators can be expressed in terms 
of Xp and D^, as 

(127) M+_ = X+D_ - X_D+ - ia{ZD, - ZD,)D+ - 2a9X+D+D,D^, 

(128) M+, = X+D, - ZD+ + ieX+D+Ds, 



(129) 


M+5 = X+D, - ZD+ - iOX+D+D,, 


(130) 


M_, = X_D, - ZD_ + ia{ZD, - ZD^)D, + iOX+D^D, + 2aeX+DlD„ 


(131) 


M_5 = X_Ds - ZD_ - ia{ZD-, - ZD,)D-, - iOX+D^D, + 2a9X+D,Dl, 


(132) 


M,, = ZD, - ZD, - ieX+{Dl + Dl). 



Now the commutators [M^^^X)] and [M^y,Dx\ can be easily found, which we omit 
here. In this case the commutators [M^^jXa] are not linear in M^,^ and X\. We 
note, however, that by choosing a different realization of X^ the rotation generators 
may be constructed so that the commutators [M^^, Xx\ are of Lie algebra type. For 



20 S. MELJANAC, S. KRESIC-JURIC 

a different approach to construction of M^j, in kappa-deformed spaces see [H], PH] , 
[25] and [27]. 

6. The Leibniz rule and coproduct 

Having introduced generalized derivatives we now set to find the Leibniz rule for 
D^ and the corresponding coproduct AD^. The generalized derivative D^ induces 
a linear map D^: U{q) -^ U{q) defined as follows. For l,X^ G U{g) we define 
Df^ •1 = and D^ • X^, = [D^,X^] • 1, where [D^,X,^] • 1 is calculated using the 
commutation relations fll04l) - flllip . The action of D^ on monomials of higher degree 
can be defined inductively. Suppose we have defined D^ • f{X) where f{X) G U{g) 
is a monomial of order n. Then the action of D^ on a monomial of order n + 1 is 
defined by 

(133) D, . {XJ{X)) = X,D, . /(X) + [D„X,] . /(X). 

Since [D^, X^] is given by Eqs. flTn4l) - flTTB . by induction hypothesis [D^, X^] • f{X) 
is well-defined. 

One can show that the Leibniz rule for D^ is given by 

D+ . (/(X)^(X)) = (D+ . i\X))g{X) + /(X) (/}+ . ^(X)) 
+ iee''{D,*f{X)){D,*g{X)) 

(134) - lOe-^ {D, . /(X)) {D, . g{X)) , 

(135) D_ . {f{X)g{X)) = (D_ . /(X)) ^(X) + /(X) (D_ . g{X)) , 

(136) Z), . {f{X)g{X)) = {D^ . /(X)) (^(X) + e-^/(X) (Z), . ^(X)) , 

(137) D, . (/(X)^(X)) = (D, . f{X))giX) + e^/(X) (D, . ^(X)) , 

where A = iaD^. From the above relations one obtains the corresponding coproduct 



(138) 


AD+ 


= D+ O 1 + 1 O D+ + i9e^ D, 


(139) 


AD^ 


= D_(g)l + l(g)D_, 


(140) 


AD, 


= D,^l + e-^^D,, 


(141) 


AD, 


= D,(g)l + e^(g)Ds. 



' Zl 



If a = 6', this coproduct agrees with the time-ordered coproduct found in [37] . 
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Now let us consider the algebra generated by X^ and 9^ where X^ is given by the 
Ansatz (IT3l) - (iT6l) . The generators satisfy the commutation rules 



(142) 


[d+,X+ 


= 1, 


'd+,Z] =i9d,r]{-A) 


(143) 


[9+,X_ 


= a9d,d-,i:{A), 


[d+,Z] = -ted,7]{A) 


(144) 


[9-,X+ 


= 0, 


[d-,Z]=0, 


(145) 


9_,X_ 


= 1, 


[d-,Z]=0, 


(146) 


[dz,X+ 


= 0, 


[d,,Z]=^{-A), 


(147) 


[d,,X^ 


= -iad,-f{-A), 


[d,,Z]=0, 


(148) 


[d2,X+ 


= 0, 


[d,,Z]=0, 


(149) 


[d„X. 


= iadz'jiA), 


[d„Z]=^{A). 



This is also a deformed Heisenberg algebra, as seen by taking the limit a,6 —^ 0. 
The coproduct Ad^ can be found from the coproduct of D^ and Eqs. (II 2 II) - (II 241) 
relating D^ and d^. From Eq. (11221) we have 



(150) 



A(9_ =a_® l + l®a_, 



which implies that AA = A^1 + 1^A. For convenience let us denote Ai = A^l 
and A2 = 1 (S) A, so that A A = Ai + A2. Furthermore, using Eqs. (IT^ and flMID 
we find 



(151) 



Ad, = AD,A^{~A) 



where we have used commutativity of D, and f{A). Similarly, one obtains 



(152) 

It follows from Eq. (IT2TII that 



Ad, = (p{Ai + A2) (-7^ ® 1 + e 



V^(^) 



A^ d. \ 



V{A)J- 



(153) 



Ad. = AD, - iOAd, Ad, 



F{A, + A2) 



(^(Ai + A2)<^(-Ai - A2) 
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Inserting Eqs. fllSip and (11521) into the above expression we obtain 

Ad+ = AD+ 
(154) 

- ^^ (^^ ® 1 + e-^ ® -^) (^ ® 1 + e^ ® -%-] F{A, + A^). 
\ipi-A) ^i~A)J \if{A) ip{A)J 

If the coproduct AD+ in Eq. (11381) is expressed in terms of d^ using Eqs. (I12ip - 
(I124p . then after simplifying one can show that Ad^ takes the form 

A9+ = a+ ® 1 + 1 ® a+ + i9 ' ' ® i(f(A) ® 1 - F{A, + A2)) 



d.di 



+ '''^®^M)^?^(l®^''^'-^''^' + '^'^' 



(155) -lOe'^— ^0—^(10 l + FiAi + A2 

The coproduct Ad^ is fixed by the realization {(f,F). If (f and F parametrize the 
Weyl realization (c.f. Eqs. (l^ - (!^ ) and a = 9, then Ad^ yields the Weyl ordered 
coproduct found in [37]. Recall that all realizations are related by similarity trans- 
formations described in Sec. 3. Thus, if the coproduct is known in one realization, 
then it is known in any other realization. Hence, A(9^ is unique in the sense that 
there is only one equivalence class [A9^] containing all the coproducts found above. 

7. Star products and twists 

In this section we study isomorphisms between the spaces of smooth functions 
of commutative coordinates x^ and NC coordinates X^. These isomorphisms are 
defined in terms of 0-realizations of X^ given by Eq. ( ITOi) . 

We define the 0-induced isomorphism Q^ by 

(156) n^f{x) = f{x)\0)^U{X). 

Here /(a;)|0) is calculated by expressing x^ in terms of X^ and (9^ from Eq. (ITTll . 
and placing d^ to the far right using the commutation relations [9^,X,^] = (p^uld). 
Similarly, the inverse map is defined by 

(157) Q^'f{X) = f{X)\0)^Uix), 
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where /(X)|0) is calculated using Eq. (fTOl) . 

We define the 0-star product of functions f{x) and g{x) by 

(158) {f^^g){x) = UiX)g^iX)\0). 

The star-product can be written in terms of the isomorphism Q^ as 

(159) {f^^g){x) = {Q^f{x))g{x), 

where the derivatives 9^ in fi^(/(x)) are placed to the far right and act on the 
function g{x). The star-product may also be written in the form 

(160) {f*^g)=moJ'^{f®g) 

where mo denotes the ordinary pointwise multiplication and JF^ is the corresponding 
Drinfel'd twist operator [37]. We introduce the 0-deformed multiplication m^ = 
rrioJ-' so that f -^^4, g = rn^lf ® g). The isomorphism Q^ can be written in terms of 
the twist operator JF^ as 

(161) {^<t>f)9 = moJ'4{f®g) ^g. 

Let us now consider the following problem. Given the exponential functions e^^^ 
and e*''^, k,q E M", we want to calculate their star-product in (/)-realization. For NC 
coordinates X^ we have 

(162) e^fc^e^''^ = e'^'^'''''^^ 

where the function Dg : M" x M" ^ M" can be found in principle from the Dynkin 
form of the BCH formula. If X is represented in the symmetric Weyl realization, 
denoted X"*, then e^'^'^^lO) = e'^''^. This implies that 

(163) ^ikx^^^igx ^^iDs(k,q)x^ 

where *s denotes the Weyl-ordered star product. The above relations can be gener- 
alized to arbitrary 0-ordering: 

(164) : e'''^ :^ : e^«^ :^ = : e'^^^''''^^^ :<^, 

(165) e^^^ ^<^ e^"^ = e^^^^^'")^, 

for some function D^: M" x M" -^ M". Let us find the correspondence between D^ 
and Dg. Recall from Eq. (I92p that in 0-ordering we have 

(166) : e"'^ :^ = e'^^(^)^ 
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where K^ is given by the similarity transformation A which maps the 0-ordering to 
symmetric Weyl ordering. Furthermore, it follows from Eq. f ll62p that 

(167) : e*^^ :^ : e*^^ :^ = e'D.^''^i'^),K,(,))x _ 
In view of Eq. fll66p we have 

(168) ^iDs{K^{k),K^(q))X ^ . ^iK-\Ds{K^{k),K^{q)))x 

hence 

(169) : e'"'' :<^ : e^^^ :^= : e^^0"(^=(^^W'^0W))^ :^ . 
Therefore, the function D^ is given by 

(170) D^{k,q) = K^\D,{K^{k),K^iq))). 

If the isomorphism ^2^ is restricted to the space of Schwartz functions on M", then 
for a Schwartz function f{x) we may define the Fourier transform 

1 



(171) nk) = ^^m.)e'-'i.. 

In this case, f,f,{X) = Q^f{x) has the Fourier representation 



(172) /^(X) = — — - / f{k) : e^^^^ :<^ rffc 

defined in terms of the ^-ordering : e^^^ :^. Using the Fourier representation (11721) 
and Eq. (11651) it can be shown that the general </)-ordered star product can be 
expressed in terms of a bi-differential operator as 

(173) {fH9)i.^) = e"i^^(-'^"'-*^'^)+*^"+'^1/(M)(7(i;) 



u=x 
v=x 



Next we want to relate the coproduct A^ in (/(-realization with the function 
D^{k,q). Let us start with the undeformed coproduct Aq satisfying 



(174) d^niQ = nioAod, 



A" 



which gives a simple relation between the Leibniz rule for 9^ and the coproduct Aq. 
The above equation implies that 

(175) dij,m^ = m^A^d^ 
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where A,^ = JFT^AqJ^^ and JF^ is the twist operator in 0-reahzation. It follows from 
Eqs. (USSD and (^E) that 

(176) m^A^d^ {e''^ ® e^«^) = tD^ik, q), e^'^^ *^ e^'?^ 

where D^{k,q)fi denotes the /i-component of D^{k,q). The coproduct A^dfj, has a 
generic form 

(177) A^9, = 5^A«(9)®Ag)(9), 

a 

thus using the above expression we find 

(178) m^A^S^e^'^^^e*^^) = | J^ A«(^A;) Ag)(^g) J e^'^^ *^ e^^^ 

Therefore, comparing Eqs. 01761) and (11781) we conclude 

(179) D^{k, q)^ = -iA^{ik, iq)^, 
where we have denoted 

(180) A^{tk,tq), = Y.^almA^:l{iq). 

a 

Thus, Eq. (11791) gives a correspondence between the coproduct A,^ in 0-realization 
and the function D^. Using this relation the star product in 0-realization may be 
written as 

(181) (/*<^^)(x) =mo|e^(^^-^«)^"/(«)®^(«)| • 

I. J u=x 

In the right, symmetric left-right and Weyl realizations Eq. (I18ip agrees with the 
corresponding star-products in [H7] . 

Let us find a relation between the star-products in different realizations. Let Ts 
be the similarity transformation which maps the 0i-realization to 02-realization. 
Recall that S is explicitly given by 5 = 8281^ where 8i is of the form fl7^ . and T^- 
maps the right realization to 0j-realization. Fix f{X) E U{g), and let XJ^ denote 
Xfj, in 0i-realization. Then /(X'^*))|0) = fi{x). Since XJj, = 8X1 '8^^ we have 

(182) /(Xf ) = 5/(X«)5-i|0) = 5/(X(i)), 

where we have used 5*^^10) = 1. Therefore, f2{x) = 8fi{x) which implies that the 
star-products in two realizations are related by 

(183) f^^,g = 8{8-'f^^,8-'g). 
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Using Eq. flTT^ one can deduce the function D^ = {D^^\ D^~\ D^^\ of) for the 
NC space NW^ from the coproduct /S.^d^ found in Sec. 6: 



U+) 



D'^:\k,q) = k+ + q^ 



+ e 
+ e 



rCzrvz 



9e 



(p{ak-)(p{—ak-) 

QzQz 
ip{aq_)ip{-aq_) I 

ak. k,q. 



(184) 
(185) 
(186) 

(187) 



+ 



ip{ak_)ip{—aq 



ip{—ak^)ip{aq^) 



F{akJ) — F{ak^ + aq. 
F{aqJ) — F{ak_ + aq_ 

1 + F{ak^ + aq_ 

1 - F{ak_ + aq_) 



Dl\k,q) = k^ + q., 
D^c^\k,q) =ip{ak^ + ag_.) 

D'f\k,q) =ip{-ak_ - aq. 



(p{ak_ 



+ e' 



ak- 



Qz 



thy 



+ e 



ip{aq_ 

ak^ ^z 



(p{—ak_) (p{—aq_ 

Deformed addition in 0-ordering of the momenta k and q is defined by 

(188) k®c^q = D^{k,q). 

The binary operation ©^ depends on the 0-reahzation and represents a deformation 
of ordinary addition since 



(189) 



k®^q = k + q + 0{a,9). 



This nonabehan operation is associative, which follows from Eq. (I165p and associa- 
tivity of the star product. The neutral element is G M" since 

(190) k(B^O = D^{k, 0) = K-^ (DsiK^ik), 0)) = K-\K^{k)) = fc, 
and similarly ©^ k = k. The inverse element, denoted k, satisfies 

(191) k®^k = k®^k = 0. 
It follows from Eq. flT89l) that 

(192) k = -k + 0{a,e), 
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hence fc is a deformation of the ordinary opposite element —k, and it is the antipode 
of k. The inverse element k can be found from the condition D^{k,k) = 0: 



(193) k= (-fc+,-A:_,-fc,e-°"- ^^ y -k,e' 

In view of Eq. f ll65p we have 

(194) e^^^*^e*^^ = l. 

Note that in the Weyl realization when ip is given by Eq. (ISTl) we have k = —k. In 
fact, the same is true for any function of the form ip{k) = e~2(p[k) where cp is an 
even function. 

We conclude this section by giving the explicit form of the twist operator J-"^ in 
two special cases: (i) 9 = 0, a ^ and (ii) a = 0, 9 y^ 0. When 9 = and a 7^ the 
twist operator is given by 

(195) 

JT^ = exp 



{-zd, 1) In ^(^IjM + (,9. 1) In ^^-^^ - ^^^ 






+ (1 ® zd,) (Ai + In ^^^±-^) + (1 ® ^9,) ( - Ai + In ■ 



where we have denoted Ai = A ® 1 and A2 = 1 ® A, a.s before. Recall that 
ipiA) = exp((7o — l)v4). Hence, in the right realization (70 = 1) the operator JF has 
a simple form 

(196) J^R = exp [A (g) {zd^ - zd,)] . 

The twist operators for 70 = and 70 = 1 were previously constructed in [23], and 
are given by Eq. (60) and Eq. (61) respectively. For 70 = 1/2 the twist operator 
agrees with the twist proposed by Bu et. al. in [26] . 
On the other hand, when a = and 9 ^ we find 
'9 



(a;+(9^ ® (9j + ^2 ® x+d^ — x+d^ ® d^ — d^® x+d^) 



(197) J^ = exp 

In all cases the twist operator satisfes the cocycle condition [50], [51] 

(198) {T(g)l){A®id)J^={l(g)J^){id0A)T. 

For kappa-deformed spaces in n dimensions this relation was proved in [52]. We 
remark that the kappa-deformation of Poincare symmetries cannot be described 
by Drinfeld twist as an element of the tensor product of two enveloping Poincare 



28 S. MELJANAC, S. KRESIC-JURIC 

algebras. The twist operator considered here is embedded in a larger algebra 
U{igl{4)) (g) U{igl{A)) where igl{4:) is the inhomogeneous general linear algebra. 

8. Concluding remarks 

We have investigated a generalized kappa-deformed space of Nappi-Witten type 
which is a unification of kappa and theta-deformed spaces with arbitrary deforma- 
tion parameters a and 6. We have constructed an infinite family of realizations 
of this space in terms of commutative coordinates x^ in Euclidean space and the 
corresponding derivatives 9^. All realizations are related by a group of similarity 
transformations defined by the operator ( 1751) . In particular, we have investigated a 
class of realizations (TT5|) - (TTUI) parameterized by functions ip and F. To each real- 
ization we have associated a corresponding ordering prescription given by Eq. (l96ll . 
For a special choice of (p and F, and with a = 6, we reproduce the time order- 
ing, symmetric time ordering and Weyl ordering constructed by Halliday and Szabo 
|37] . Unlike [37], in our approach the ordering prescriptions follow from a general 
procedure and they are all related by similarity transformations. 

Furthermore, we have extended the space of NC coordinates by introducing gen- 
eralized derivatives. We have shown that to each realization of the NC coordinates 
one can associate an extended phase space which is a deformed Heisenberg algebra. 
The simplest extension is obtained in the right realization when the extended alge- 
bra () is of Lie type, and it agrees with the deformed Heisenberg algebra discussed 
in [27] . The algebra i) was further extended by introducing rotation operators M^^ 
which satisfy the ordinary so(4) algebra. The coproduct AM^j, is not closed in the 
tensor product of the enveloping algebras of so(4). Hence, if one wishes to have the 
coalgebra structure then it is natural to consider a larger algebra igl{4:) |26j . 

The Leibniz rule and coproduct was found for the extended algebra (). Applying 
the similarity transformations to this coproduct we derived the Leibniz rule and 
coproduct for all realizations described by ip and F. In the right realization, sym- 
metric left-right and Weyl realization this coproduct agrees with the coproducts 
considered in [37] when a = 9. We derived a general formula for the star-product in 
terms of the coproduct, and we found an explicit expression for the star-product in 
all realizations parameterized by (p and F. In the above mentioned special realiza- 
tions these results reproduce the star-products found in [37j|. Also, we have found 
a general form of the Drinfel'd twist operator for special values of the deformation 
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parameters: (i) a ^ 0, 6 = 0, and (ii) a = 0, 9 j^ 0. The twist operator is embedded 
in the tensor product of two enveloping algebras of igl{A). 

The results in this paper are easily generalized to higher dimensionswhen the NC 
space under consideration is generated by X+, X_ and n copies of Z and Z (see Eqs. 
(HI)-®). In this case the Weyl algebra A^ is replaced by A2n+2 and all expressions 
involving realizations, ordering prescriptions, Leibniz rules, coproducts and twist 
operators should be modified as follows. If z, z, d^ and d^ appear linearly, they are 
replaced by Zfj,,z^,dzi, and c^g^. Any quadratic combinations involving zdz,zdz and 
dzdz are replaced by sums over n. Finally, we remark that all the results obtained 
here can be easily extended to Mikonwski space. 

Our general formalism can be further developed in order to construct and analyize 
QFT on NC spaces generalizing the results obtained by Halliday and Szabo [2Zj by 
applying twist operators in a systematic way. These problems will be addresed in 
future work. 
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